Abstract. In this paper, we are interested in a class of modules partaking in the hierarchy of injective and cotorsion modules, so-called Harmanci injective modules, which turn out by the motivation of relations among the concepts of injectivity, flatness and cotorsionness. We give some characterizations and properties of this class of modules. It is shown that the class of all Harmanci injective modules is enveloping, and forms a perfect cotorsion theory with the class of modules whose character modules are Matlis injective. One of the main objectives we pursue is to know when the injective envelope of a ring as a module over itself is a flat module.
Introduction
Throughout this paper R denotes an associative ring with identity and modules are unitary R-modules. The notion of cotorsion abelian groups introduced by Harrison in [8] , that is, an abelian group G is called cotorsion if Ext i.e., cotorsion modules, the goal of this paper is to provide an initial contribution to the study of the right orthogonal class of modules whose character modules are Matlis injective. We study the behavior of modules that belong to this right orthogonal class, so-called Harmanci injective modules. We observe that the pair consisting of all modules whose character modules are Matlis injective and all Harmanci injective modules is a cotorsion theory. We are interested in the hierarchy of injective modules and cotorsion modules, in this direction, we show that the class of Harmanci injective modules lies strictly between the classes of injective modules and cotorsion modules. For a commutative Noetherian ring R, E(R) being flat is characterized in [15, Theorem 5.1.3] . A natural question arises: When is E( R R) a flat left R-module for any ring R? One of our main concerns is this question. We
give an answer, that is, the notions of injectivity and Harmanci injectivity coincide if and only if E( R R) is flat. It is also known that Hom Z (M, Q/Z) is always pure injective and so cotorsion for any module M (see [15, p.39] ). As an application, we deal with character modules and also approximations of modules in terms of Harmanci injectivity.
Let C be a class of right R-modules and M a right R-module. Following [5] , a homomorphism f : C → M with C ∈ C is said to be a C-precover of M if for any
The concepts of a C-preenvelope and C-envelope are defined dually. Bican, Bashir and Enochs proved the existence of a flat cover and a cotorsion envelope for any module in [1] . It is also well known that every module has an injective envelope. Thus the following question seems natural
to wonder: what can we say about the existence of Harmanci injective envelopes and covers with respect to the class of modules whose character modules are Matlis injective and their unique mapping properties? In [3] , a C-envelope f : M → C with C ∈ C of a module M said to have the unique mapping property if for any
Briefly, we devote the first part of this paper to study another class of modules, so-called Harmanci injective modules, which turn out in the light of relations among the concepts of injectivity, flatness and cotorsionness by addressing several aforementioned questions. We devote the second part of this paper to investigate the existence of Harmanci injective envelopes, its unique mapping property and a cotorsion theory arising from Harmanci injectivity.
In what follows, Q, Z, Z/nZ and E(M ) denote the ring of rational numbers, the ring of integers, the Z-module of integers modulo n for a positive integer n and the injective envelope of a module M , respectively. Also, id(M ), pd(M ) and fd(M ) stand for the injective dimension, projective dimension and flat dimension, respectively.
Harmanci Injective Modules
In this section, we consider the right orthogonal class of modules whose character modules are Matlis injective, and call any module in this class as Harmanci injective.
Let us start the following example for a ring R whose its injective envelope E( R R)
is not a flat left R-module.
Example 2.1. Let D be a division ring, n be a positive integer, U n (D) be the ring of n × n upper triangular matrices over D and M n (D) be the left U n (D)-module of n × n full matrices over D. Then the injective envelope of U n (D), considered as
is finitely generated over the Noetherian ring U n (D), so is finitely presented by [11, Corollary 3.19] and, then, it is also projective by [11, Theorem 3.56] . Hence it is a direct summand of a direct sum of copies of U n (D), say
where I is an index set. Also,
is a submodule of M n (D), the modularity condition entails that U n (D) is a direct summand of M n (D). So there exists the natural epimorphism π : 
By [11, Proposition 8.18 ], a left R-module M is flat if and only if Tor Proof. According to [7, Theorem 3 
This implies Ext
We now give our main definition, namely, Harmanci injective modules. Proof. Assume that Harmanci injectivity implies injectivity. By Proposition 2.4, Hom Z (E( R R), Q/Z) is Harmanci injective, and so is injective. This yields that E( R R) is flat. Suppose now that E( R R) is flat and M is a Harmanci injective right R-module. Let N be any right R-module. The module E( R R) being flat implies
We immediately get the next consequences from Theorem 2.5.
Corollary 2.6. The following hold.
(1) Injectivity and Harmanci injectivity coincide for the modules over a commutative domain. The converse statement of (2) in Corollary 2.6 need not be true in general as shown below.
Example 2.7. By Corollary 2.6(1), every Harmanci injective Z-module is injective but Z is neither self-injective nor von Neumann regular.
In the next result, we are interested in the flat dimension of E( R R) for any ring R in terms of Harmanci injectivity. 
Being fd(E( R R)) ≤ 1 and flatness of F imply that Tor
On the other hand, we also have the exact sequence 0 = Ext
For the sufficiency, let N be a right R-module. By Proposition 2.4 and hypothesis,
Therefore fd(E( R R)) ≤ 1. Now we complete the proof in the light of this authenticated assertion and Theorem 2.5.
The next result shows that the class of Harmanci injective modules lies between those of injective modules and cotorsion modules.
Proposition 2.9. Every Harmanci injective right R-module is cotorsion.
Proof. Let M and F be right R-modules with M Harmanci injective and F flat.
Then Tor
The next examples show that the converse of Proposition 2.9 need not be hold in general. (2) Let R be a quasi-Frobenius (shortly, QF) ring which is not right pure-semisimple.
Then R is right perfect. Since every flat right R-module is projective, every right R-module is cotorsion. On the other hand, there is a right R-module M which is not pure-injective as R is not right pure-semisimple. Hence M is not injective. The ring R being left self-injective implies M is not Harmanci injective by Corollary
2.6(2).
Recall that a right R-module M is said to be divisible if Ext Proof. Let M be a Harmanci injective right R-module and a ∈ R. Consider the short exact sequence 0 → aR → R → R/aR → 0. Then we have the exactness of 0 = Tor
For any ring R, owing to Proposition 2.4, the character module of E( R R) is always Harmanci injective. In the next result, we investigate Harmanci injectivity of a character module of any module.
Theorem 2.12. Let S be a ring and N a left S-module. Then the following are equivalent.
(1) Hom Z (N, Q/Z) is a Harmanci injective right S-module. In the sequel, let HI denote the class of all Harmanci injective right R-modules and CMI stand for the class of all right R-modules whose character modules are Matlis injective. In the following, we mention some properties of the class HI.
Lemma 2.14. Harmanci injective modules satisfy the following properties.
(1) Any direct product of Harmanci injective modules is Harmanci injective. We now characterize quotients of Harmanci injective modules being Harmanci injective. Recall that a module is said to be h-divisible if it is an epic image of an injective module. Let M be a right R-module and K a submodule of M . We call K
is exact. Obviously, every pure submodule of a right R-module is E( R R)-pure. (1) The class HI is closed under homomorphic images.
(2) Every h-divisible right R-module is Harmanci injective.
(3) Every module which belongs to CMI has projective dimension at most 1.
(4) Every E( R R)-pure submodule of projective modules is projective.
In this case, the projective dimension of a flat right R-module is at most 1, equivalently, pure submodules of projective modules are also projective.
(2) ⇒ (3) Let N ∈ CMI and M any right R-module. We claim that Ext 
Harmanci injectivity of M and (3) imply Ext
(3) ⇒ (4) Let P be a projective right R-module and K be an E( R R)-pure submodule of P . Applying the functor − ⊗ R E( R R) to the short exact sequence 0 →
The module P being projective and K being an E( R R)-pure submodule of P imply Tor Recall that a class C is called coresolving provided that C is closed under extensions, every injective module is in C and C ∈ C whenever 0 → A → B → C → 0 is a short exact sequence such that A, B ∈ C. In the light of the fact that injectivity implies Harmanci injectivity and Lemma 2.14(4), we now address the following question: When is the class HI coresolving? Proposition 2.17. The following are equivalent. 
We now investigate when the character module of a Harmanci injective module is Matlis injective. We need the next lemma for this investigation. By this means, some properties of the class CMI are acquired.
Lemma 2.18. The following hold.
(1) CMI is closed under extensions.
(2) CMI is closed under direct summands. A, C ∈ CMI. We claim that B ∈ CMI. If we apply the functor − ⊗ R E( R R) to the sequence, we get the long exact sequence
3) Let {M i } i∈I be a family of modules for an index set I with M i ∈ CMI for each i ∈ I. It is known that Tor
(4) Let M ∈ CMI and N a pure submodule of M . We show that M/N belongs to CMI. If we apply the functor − ⊗ R E( R R) to the exact sequence 0 → 
Hence there is a homomorphism α : F/Im(h 1 − h 2 ) → M with απ = f by the Factor Theorem where π : F → F/Im(h 1 − h 2 ) is the natural projection. On the other hand, the exactness of
CMI by hypothesis. It follows that there exists β :
This yields π is a monomorphism, and so Kerπ = Im(h 1 − h 2 ) = 0. This implies that h 1 = h 2 . This completes the proof.
Theorem 2.19. Consider the following conditions.
(1) CMI is closed under homomorphic images.
(2) Every Harmanci injective right R-module belongs to CMI.
Then ( We close this section by observing some characterizations of Harmanci injectivity.
Proposition 2.20. The following are equivalent for a right R-module M .
(1) M is Harmanci injective. Proof. (1) ⇒ (2) Let N and K be R-modules with N flat and Tor
is also exact. Since N is flat and Tor [11, p. 667] . This implies that Ext 
Then again, according to the short exact sequence 0 → L → F → K → 0 and the functor Hom R (−, Hom R (N, M )), we obtain
We illustrate some consequences of Theorem 2.21 as follows. (1) R is Harmanci injective as a right R-module. 
The pair (CMI, HI)
In this section, we are particularly interested in some properties of the pair (CMI, HI) and approximations of modules in terms of Harmanci injectivity. (1) The following are equivalent.
(i) Every cotorsion right R-module is Harmanci injective.
(ii) Every module which belongs to CMI is flat.
(2) The following are equivalent.
(i) Every right R-module is Harmanci injective.
(ii) Every module which belongs to CMI is projective. (1) The cotorsion theory (CMI, HI) is complete.
(2) CMI is a special covering class. (2) By Lemma 2.18(5) each module has a CMI-cover. Since the class of all projective modules is contained in CMI, every CMI-cover is an epimorphism. On the other hand, for a CMI-cover f , Lemma 2.18(6) implies that Ext 1 R (F, Kerf ) = 0 for all F ∈ CMI. Thus every CMI-cover is special. Proof. The necessity is obvious. For the sufficiency, we have M = E(M ) by Proposition 3.4. This completes the proof.
We now apply Theorem 3.5 to rings. Corollary 3.6. The following are equivalent for a ring R.
(1) R is right self-injective.
(2) R is Harmanci injective as a right R-module, E(R R ) is flat and R is a pure submodule of E(R R ). (2) ⇒ (3) Applying the functor − ⊗ R E( R R) to the exact sequence 0 → R → E(R R ) → E(R R )/R → 0, we acquire the long exact sequence
we have Tor R 1 (E(R R ), E( R R)) = 0. Also by (2) , the purity of R in E(R R ) yields that Tor R 1 (E(R R )/R, E( R R)) = 0 as asserted. We end this paper by investigating the unique mapping property of HI-envelopes.
Theorem 3.9. The following are equivalent for a ring R.
(1) Every right R-module has an HI-envelope with the unique mapping property. Since f is monic, βh = 1 A , this yields D = Kerβ⊕ Imh. By Theorem 3.3(3), it is known that h is monic, so A ∼ = Imh. Thus this isomorphism and Lemma 2.14 (3) imply that A is Harmanci injective. is an HI-envelope, β is an isomorphism. Hence β(F ) = Ker(h 1 − h 2 ). This yields (h 1 − h 2 )β = 0. As β has an inverse, h 1 − h 2 = 0, and so h 1 = h 2 . Therefore f has the unique mapping property.
By Theorem 3.9, we immediately get the next result. 
